The theoretical framework predicting the long-term evolution, structure, and coalescence energetics of current filaments during the Weibel instability of an electron beam in a collisionless plasma is developed. We emphasize the nonlinear stage of the instability, during which the beam density of filaments increases to the background ion density, and the ambient plasma electrons are fully expelled from the filaments. Our analytic and numerical results demonstrate that the beam filaments can carry super-Alfvénic currents and develop hollow-current density profiles. This explains why the initially increasing magnetic field energy eventually decreases during the late stage of the instability. The electromagnetic Weibel instability (WI) of plasmas with anisotropic velocity distribution is one of the most basic and long-studied collective plasma processes [1] [2] [3] [4] [5] . The dynamics and energetics of its nonlinear saturation are important for both laboratory and astrophysical plasmas. The WI is likely to play an important role in the fast ignitor scenario [6] because it can result in the collective energy loss of a relativistic electron beam in a target plasma [6] [7] [8] [9] [10] [11] [12] [13] . Collisionless WI has been suggested [14-18] as a mechanism for relativistic collisionless shock formation in gamma ray bursts. Shock dynamics depends on the long-term evolution of the magnetic field. Specifically, it is not clear whether the long-term magnetic fields generated during the coalescence of current filaments remain finite [9] or decay with time [16] (and if they do, according to what physical mechanism). In this Letter we elucidate such mechanism and relate it to the merger of filaments bearing super-Alfvénic current (I > I A ¼ mc 3 =e, see, e.g., [19] ) during the late stage of the WI.
The theoretical framework predicting the long-term evolution, structure, and coalescence energetics of current filaments during the Weibel instability of an electron beam in a collisionless plasma is developed. We emphasize the nonlinear stage of the instability, during which the beam density of filaments increases to the background ion density, and the ambient plasma electrons are fully expelled from the filaments. Our analytic and numerical results demonstrate that the beam filaments can carry super-Alfvénic currents and develop hollow-current density profiles. This explains why the initially increasing magnetic field energy eventually decreases during the late stage of the instability. The electromagnetic Weibel instability (WI) of plasmas with anisotropic velocity distribution is one of the most basic and long-studied collective plasma processes [1] [2] [3] [4] [5] . The dynamics and energetics of its nonlinear saturation are important for both laboratory and astrophysical plasmas. The WI is likely to play an important role in the fast ignitor scenario [6] because it can result in the collective energy loss of a relativistic electron beam in a target plasma [6] [7] [8] [9] [10] [11] [12] [13] . Collisionless WI has been suggested [14] [15] [16] [17] [18] as a mechanism for relativistic collisionless shock formation in gamma ray bursts. Shock dynamics depends on the long-term evolution of the magnetic field. Specifically, it is not clear whether the long-term magnetic fields generated during the coalescence of current filaments remain finite [9] or decay with time [16] (and if they do, according to what physical mechanism). In this Letter we elucidate such mechanism and relate it to the merger of filaments bearing super-Alfvénic current (I > I A ¼ mc 3 =e, see, e.g., [19] ) during the late stage of the WI.
We develop a physical model describing the structure and coalescence energetics of the beam and return current filaments produced as a result of the WI of an electron beam in the collisionless background plasma. For tractability, the analytic model is 2D in cylindrical geometry, whereas the supporting particle-in-cell (PIC) simulations are 2D in space (corresponding to a very long electron beam pulse propagating in the homogeneous z direction) and 3D in the plasma and beam momenta [20] . We identify three qualitatively different stages of the WI, as illustrated by Fig. 1 : (i) the linear stage resulting in formation of filaments and exponential growth of the magnetic field that saturates due to magnetic trapping of the beam particles [3, 4] , (ii) the nonlinear stage corresponding to the merger of sub-Alfvénic (I < I A ) beam filaments and increase of the magnetic field energy that saturates when the filaments' beam current reaches approximately I A [5, 14] , and (iii) the highly nonlinear stage, corresponding to the merger of super-Alfvénic (I > I A ) filaments and decreasing magnetic field energy. The filaments with hollow beam current density structure similar to the Hammer-Rostoker equilibrium [19, 21] with the outer return current develop and coalesce during stage (iii). In this Letter we emphasize this least-studied stage of the WI. We analytically predict that the magnetic energy decreases when super-Alfvénic filaments coalesce, thereby explaining the magnetic field decay during the late stages of WI [9] .
During the extensively studied [3] [4] [5] 9, 12, 14, 17] stage (i) of the WI, the electron beam of initial density n b0 < n 0 and radius R init ) c=! pe breaks up into a large number of filaments of the typical radius $c=2! pe , where c is the speed of light, ! pe ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 4e 2 n 0 =m p is the electron plasma frequency, and n 0 is the initial uniform ion density (ions are treated as infinitely massive, see also [22] ). The end of stage (i) [''knee'' in the growth rate of magnetic energy shown in Fig. 1(b) ] corresponds to the saturation of WI due to magnetic trapping of the beam electrons [3, 4] . During the linear stage [12] , instability grows with the exponen- 
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week ending 24 OCTOBER 2008 0031-9007=08=101 (17)=175001 (4) 175001-1 Ó 2008 The American Physical Society tiation rate $ ! pe ffiffiffiffiffiffiffiffiffiffiffiffi ffi n b =n 0 p , corresponding to the filamentation regime [23] of the Weibel instability. The nonlinear stage (ii) corresponds to the merger of these filaments occurring on a time scale longer than ! À1 pe . Therefore, quasineutrality of the beam-plasma system (n b þ n e % n 0 ) is approximately maintained as confirmed by PIC simulations [12] . During stage (ii) of the filaments' merger their density increases until the background plasma electrons are expelled from the filament: n b % n 0 (if initially n b =n 0 ! 0:05). Therefore, our analytic model addresses the merger of the filaments with fully expelled plasma electrons from their interior (n b ¼ n 0 ) surrounded by the return current of the ambient plasma during the nonlinear stages (ii) and (iii). In analyzing the merger of two filaments with the initial beam radii R 0 and currents I 0 into a single filament of beam radius R 1 ¼ ffiffiffi 2 p R 0 (which follows from conservation of particles for the cylindrical beams with n b ¼ n 0 ) and current I 1 , we pose and will answer the following question: What is the change of the magnetic energy ÁU B U B1 À 2U B0 and filament current ÁI I 1 À 2I 0 as the result of the merger?
We start by estimating the magnetic energy of a single evacuated cylindrical beam filament with the beam density n b ¼ n 0 for r < R and n b ¼ 0 for r > R. The beam filament is surrounded by the return current of the ambient plasma with density n e ¼ n 0 for r > R and n e ¼ 0 for r < R. The dominant electromagnetic field is the in-plane magnetic fieldB ? ¼ Àẽ z Ârc [8, 12, 13] , whereÃ z e z c is the vector potential. We assume that the initial electron beam with the forward momentumP ¼ẽ z p b0 is underdense with respect to the quiescent ambient plasma: n b0 < n 0 . The following normalized quantities are used below:x ¼ ! pe x=c,t ¼ ! pe t,ñ ¼ n=n 0 , e;bz ¼ v e;bz =c,p e;bz ¼ p e;bz =mc,c ¼ ec =mc 2 ,B ¼ eB=mc! pe , andẼ ¼ eE=mc! pe . Tildes are dropped in what follows. Using conservation of the longitudinal canonical momentum, fluid momenta of the beam and the plasma in the filament are given by p bz ðrÞ ¼ p b0 þ c ðrÞ and p ez ¼ c ðrÞ [12] . For the case of nonrelativistic beam and plasma, Ampere's law for the inner or outer parts of the filament can be expressed as r 2 
These are plotted in the top row of Fig. 2 for thin (R ¼ 0:5) and thick (R ¼ 4) filaments. It is apparent that the beam velocity is strongly peaked at the filament's periphery whenever R ) 1. The resulting hollow-current distribution for the beam part of the filament corresponds to the classic Hammer-Rostoker [19, 21] equilibrium of a chargeneutralized beam with a flattop density distribution. Note that an electron beam filament with R ) 1 carries a superAlfvénic current:
Note that the beam and plasma velocities as well as the filaments' beam current (equal by construction to the plasma return current) and the magnetic energy are parametrized by only two parameters: the initial beam velocity b0 and the filament's radius R. These quantities are calculated for two noninteracting filaments of radius R 0 before merger and one resulting (coalesced) filament with radius R 1 ¼ ffiffiffi 2 p R 0 . Normalized beam current and filament magnetic field energy are expressed as " I b ðRÞ ¼ 2 R R 0 drr bz = b0 R 2 and " U B ðRÞ ¼ R 1 0 drrj@ r c j 2 =R 2 . The initial (premerger) current and energy are given, respectively, by 2 " I b ðR 0 Þ and 2 " U B ðR 0 Þ. The same post-merger quantities are given by " I b ðR 1 Þ and " U B ðR 1 Þ. Both premerger (black curves) and postmerger [gray (red) curves] quantities are plotted in Fig. 3 (top) . Independently of the fila- 
week ending 24 OCTOBER 2008 ments' radius R 0 , the total current of the merged filament is decreased during the merger; see Fig. 3(a2) and 4 . The beam longitudinal momentum changes due to inductive electric field caused by alternating magnetic field in going from one equilibrium to another. Remarkably, the total magnetic energy can either increase (for R < R crit % 1:5) or decrease (for R > R crit ) as the result of the merger, as shown in Fig. 3(a1) and in Figs. 1 and 4 . Qualitatively, the merger of two small sub-Alfvénic beam filaments results in addition of the single filament currents: " I b ðR 1 Þ % 2 " I b ðR 0 Þ. This is because for R < 1, the filament's current is uniformly distributed across the entire filament and is therefore approximately proportional to its area. Correspondingly, the total magnetic field energy approximately doubles as the result of the merger. The situation drastically changes for wide super-Alfvénic filaments: the beam current is concentrated within the skin depth c=! pe of its periphery. The peripheral region of large filaments decreases by a factor $ ffiffiffi 2 p compared with two smaller filaments before merger. Therefore, the total current of the merged filaments decreases by a factor $ ffiffiffi 2 p and, consequently, the total magnetic field energy decreases approximately by the same factor during the merger. The transition from magnetic energy growth to decay is clearly seen in Fig. 1 . The underlying mechanism is the continuous expansion in size of the beam filaments. As soon as the filaments' size exceeds R crit the magnetic field energy starts decreasing after the filaments' merger. Note that from the standpoints of a two-fluid (beam and plasma) electron MHD the change in magnetic flux associated with the filaments is due to the generation of the vorticity of the beam current density (i.e.,r Âj b ).
We proceed by considering coalescence of two relativistic beam filaments. For analytic tractability, we consider the merger of two identical magnetically self-confined filaments with the beam particles in Hammer-Rostoker equilibrium [19, 21] . Namely, all beam electrons are assumed to have the same relativistic energy j ¼ and longitudinal canonical momentum j jz À c ðx ?j Þ % p b0 . Ambient plasma electrons (return current Just as in the nonrelativistic case, we consider the energetics of the coalescence of two relativistic filaments with the radii R 0 and relativistic energy per particle 0 mc 2 into a single relativistic filament with radius R 1 ¼ ffiffiffi 2 p R 0 and per-particle energy 1 mc 2 . The previously defined normalized beam current " I b ðRÞ and magnetic energy " U B ðRÞ are plotted in Fig. 3 (bottom panel) for two filaments with R 0 (black line) and a single merged filament with R 1 [gray (red) line]. As in the nonrelativistic case, coalescence of small filaments (R < R crit % 3) leads to the magnetic energy increase, while the merger of large filaments (R > R crit % 3) reduces the magnetic energy, as shown in Fig. 3(b1) .
To confirm the analytic predictions, full PIC simulations of the filaments' merger have been carried out using the LSP code [24] . The starting point of the simulations is a spatially uniform cold electron beam with n b0 =n 0 ¼ 0:2 and b0 ¼ 0:95 which is charge and current neutralized by the ambient plasma. Periodic conditions are applied at the boundaries of the 40c=! pe Â 40c=! pe simulation domain. The total beam current is I 0b % 8I A . The simulation results shown in Fig. 1 indeed confirm that the magnetic energy growth during stage (ii) (small filaments' merger) gives way to magnetic energy decline during stage (iii) (large filaments' merger). The smooth decline of U B at the start of stage (iii) (t % 200=! pe ) is due to the presence of a large number of high-current filament pairs undergoing simultaneous coalescence. As the number of filaments becomes smaller, their mergers become pairwise events clearly separated in time. This is reflected in the stepwise changes of the beam current and the magnetic or particle energies shown in Fig. 4 . The largest stepwise magnetic energy decline shown in Fig. 4 occurs at t % 1400=! pe due to the merger of two super-Alfvénic hollow-current filaments. Two snapshots of this merger are shown in Fig. 5 . The two merging beam filaments initially carry I 1 $ 2:65I A and I 2 $ 2:41I A while the resulting filament carries I $ 4:46I A < I 1 þ I 2 . Density profiles of the merging beam filaments shown in Fig. 5 indicate that the ambient plasma electrons are indeed fully expelled from the beams' interior, with the narrow ion sheaths surrounding them. The electric field energy localized in the sheath is negligible compared with the magnetic energy as shown in Fig. 4 .
In conclusion, we have developed a robust analytical model describing the energetics of merging of the sub-or super-Alfvénic flattop and hollow-current density filaments in the ambient plasma. Our model predicts, and PIC simulations confirm, that such mergers are responsible for the magnetic energy decay during the late stages of the Weibel instability.
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